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$p\geq 5$ $\mathrm{G}\mathrm{F}(p)$ $E_{a,b}$ : $y^{2}=x^{3}+OX+b$ .
$(x^{3}+ax+b)^{L^{-\underline{1}}}2$ $x^{p-1}$ $H_{a,b}$ Hasse
. Hasse $E_{a,b}$ $p$ . $H_{a_{J}b}$
Deuring [2] . Kaneko [4]
. Koike [7]
Legendre form Frobenius trace
. – Chowla-Dwork-Evans [1] $y^{2}=x^{3}+x$ Hasse
2 $p$ .
$y^{2}=x^{3}+1$ Hasse 2 $p$
, $-$ $E_{a,b}$ Hasse
.
\S 2. $y^{2}=x^{3}+1$ 2
$p$ $p\equiv 1$ (mod 3) $y^{2}=x^{3}+1/\mathrm{G}\mathrm{F}(p)$ . $\mathrm{G}\mathrm{F}(p)$ $\mathrm{Z}/p\mathrm{Z}$
$-$ . Hasse $\mathrm{m}\mathrm{o}\mathrm{d} p$ $(_{\mathrm{g}_{\frac{-\underline{1}-12}{3}}}^{L})$ . $\omega$
$\mathrm{G}\mathrm{F}(p)$ Teichm\"uller Koike[6] 2
$= \frac{\omega^{k}(-1)}{p-1}J(\omega, \omega-)ik=\frac{1}{1-p}\frac{\Gamma_{p}(\frac{i-k}{p-1})\mathrm{r}(p\frac{k}{p-1})}{\Gamma_{p}(\frac{i}{p-1})}$ , $0\leq k\leq i$
. $J(\omega^{i-k}, \omega)$ Jacobi , $\Gamma_{P}$ $p$ gamma ,
Gross-Koblitz .
925 1995 110-116 110
$i=\ddagger \mathrm{i}_{\frac{-1}{2}},$ $k=$ $\Gamma_{P}$ , Taylor , Diamond
$f$
mod $p^{2f}$ (1)
. $(_{\omega 3}^{\omega_{L^{-}}}\underline{1})\#-1*$ $\mathrm{Q}(\sqrt{-3})$
$(_{\omega}^{\omega}*^{-})^{\tau} \overline{\tau}_{1}=\underline{p}\underline{1}\frac{(-1)^{*^{-1}}}{p-1}B$ , $B=p^{-1}g( \omega)\Delta_{\frac{-1}{2}}g(\omega\frac{2(\mathrm{p}-1)}{3})g(\omega^{\frac{5(\mathrm{p}-1)}{6})}$ ,
$g(\omega^{a})$ : Gauss $\ovalbox{\tt\small REJECT}|$]
$B$ $\mathrm{Q}(\sqrt{-3})$ .
$B=\alpha+,\theta w$ , $w= \frac{1+\sqrt{-3}}{2},$ $\alpha,$ $\beta\in \mathrm{Z}$
.
$N_{\mathrm{Q}(\sqrt{-3})/\mathrm{Q}}(B)=p=\alpha^{2}+\alpha\beta+\beta 2$
, $p$ $\alpha,$ $\beta$ . $\zeta$ 1
3 , $k\in\{1, -1, \zeta, -\zeta, \zeta^{2}, -\zeta 2\}$
$\eta_{k}=$ $\sum$ $\zeta_{p}^{x}$ , ( $\zeta_{p}$ : 1 $p$ )
$\omega 1\underline{\backslash }x\underline{\backslash }\mathrm{p}*^{-1}(x)-=k1$
, Gauss
$g(\omega^{\frac{2(\mathrm{p}-1)}{3}})$
$\equiv$ $\eta_{1}+\eta_{-1}+\eta_{\zeta}+\eta-\zeta+\eta\zeta 2+\eta-(^{2}\equiv-1\mathrm{m}\mathrm{o}\mathrm{d}$ $\mathrm{r}_{3}$ ,
$g(\omega^{R_{\frac{-1}{2}}})$










– , $pB$ $\mathrm{Q}(\zeta, (_{P})$
$pB$ $=$ $g(\omega^{L^{-}}2)\underline{1}\{(\eta_{A}\eta C-\eta B\eta_{D})+(\eta_{A}\eta D+\eta B\eta C-\eta B\eta_{D})(\}$
$=$ $p(\alpha+\beta)+p\beta\zeta$ .
$\eta_{A}=\eta_{1}+\eta-1^{-\eta_{\zeta^{2}}}-\eta_{-\zeta^{2}}$ , $\eta_{B}=\eta_{\zeta}+\eta-\zeta-\eta_{\zeta^{2}}-\eta_{-\zeta^{2}}$ ,
$\eta_{C}=\eta_{1}-\eta-1-\eta(+\gamma_{1-\zeta},$ $\eta_{D}=\eta_{\zeta^{2}}-\eta_{-\zeta^{2}}-\eta_{\zeta}+\eta_{-\zeta}$
. 1, $\zeta$ $\mathrm{Q}((_{p})$ $\mathrm{Q}((, C_{P})$
$\beta\equiv 0$ (mod 2) (3)
( $a\equiv 1$ (mod 2)) . $\mathrm{Q}(\sqrt{-3})$ 6 , $p=N(\epsilon(\alpha+\beta w))(\epsilon$ :
) 6 (2), (3) $p$
.
$B$ $\mathrm{C}_{P}$ $B\overline{B}=p$ Gross-Koblitz
$B_{0}= \Gamma_{p}(\frac{1}{2})\Gamma p(\frac{1}{3})\Gamma_{p}(\frac{1}{6}),$ $P/B_{0}$ , $B_{0}+p/B_{0}=2\alpha+\beta$
$B_{0} \equiv(2\alpha+\beta)+\frac{1}{2}k\sum_{1=}^{2f-1}(-1)k\frac{4^{k}}{(2\alpha+\beta)^{2}k-1}pk$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{2f})$
. $B$ $B_{0}$ $v_{-}=2\alpha+\beta$ (1) .
1. $p$ $p\equiv 1$ (mod 3) , $4p=u^{2}+.3v^{2},$ $u,$ $v\in \mathrm{Z}$ $?d\equiv(-1)^{L^{-\underline{1}}}2$
(mod 3), $?_{-}/\equiv 0$ (mod 2) $p$
$\{1-.\frac{2}{3}(2^{p^{f-\iota}(p-1})-1)+\frac{3}{4}(3^{p^{f-}(}p-1)-11)\}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{2f})$ .
$f=1$
$\equiv(-1)^{\frac{p+1}{2}}(u-\frac{p}{?_{-}l})(1-.\frac{2}{3}(2^{p-1}-1)+\frac{3}{4}(3^{p-1}-1))$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{2})$ .
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\S 3. Hasse
$\mathrm{G}\mathrm{F}(p)(p\geq.5)$ $E_{a,b}$ : $y^{2}=x^{3}+ax+b$ Hasse
$\mathrm{G}\mathrm{F}(p)$ $\mathrm{Z}\mathrm{m}\mathrm{o}\mathrm{d} p$ – . $H_{a,b}$
$H_{a,b}$ $=$ $(1+ax^{-23}+b_{X^{-}})4^{-}\overline{2}$ $x^{-}2^{-}\mapsto-1$
$=$ $. \sum_{3_{l}+2k=^{L}2}\frac{(\begin{array}{l}L^{\underline{-1}}2\end{array})!}{i^{1}k!(\mathrm{L}\frac{-1}{2}-i-k)!}-\underline{1}.akb^{i}$
. $\Gamma_{P}$ , $p$ 12 .
$p\equiv 5$ (mod 12) $a\neq 0$ , $i=2i_{0},$ $k=3k0+1$
$i!=2^{2i}0i_{0}$ ! $( \frac{1}{2})_{i_{0}}$ ,
$k!= \{(-3)3i\mathrm{o}(\frac{1-p}{12})_{\dot{\mathrm{t}}_{0}}(\frac{5-p}{12})_{i_{0}}(\frac{9-p}{12})_{\dot{l}0}\Gamma_{p}(\frac{1-p}{4})\}^{-1}$
$( \frac{p-1}{2}-i-k)$ $!=(L \frac{+3}{4})_{?}\mathrm{n}\Gamma_{\mathrm{p}}(\frac{1-p}{4})^{-1}$ ,
$(2 \mathrm{i}_{\frac{-1}{2}})!=\Gamma P(\frac{1-p}{2})^{-1}$ , ( $(a)_{n}=o(a+1)\cdots(a+n-1)$ )
,
$H_{a_{\rangle}b}= \text{ ^{}\frac{\mathrm{p}-1}{4}}\frac{\Gamma_{p}(\frac{1-p}{4})^{2}}{\Gamma_{p}(\frac{1-\mathrm{p}}{2})}\sum_{0\dot{\iota}}^{\underline{\mathrm{s}}}l0=\llcorner 1^{-}2\frac{(\frac{1-p}{12})_{i_{0}}(\frac{5-p}{12})_{i}0(\frac{9-p}{12})_{i_{0}}}{(\frac{3+\mathrm{p}}{4}\mathrm{I}_{i_{0}}(\frac{1}{2})_{i_{0}}i_{0}!}(-^{27})^{\prime_{0}}4a\underline{b}32$
. $b\neq 0$ $k_{0}$ . . $p\equiv a’$
(mod 12) $(a’=1,5,7,11)$ $3\tilde{F}2$
3





$o_{J}^{L^{-}}4 \underline{1}\frac{\mathrm{r}_{\mathrm{p}}(\frac{1-\mathrm{p}}{4})^{2}}{\mathrm{r}_{\mathrm{p}}(^{\underline{1}-}2[])}3\tilde{F}2$ ( $\frac{1-p}{12}$ $\frac{}{4}\frac{5-p}{3+p12}$ $\frac{9-p}{\frac{121}{2}}|-\frac{27b^{2}}{4a^{3}}$ ) $p\equiv 1,5$ (mod 12),
$o_{}^{\frac{p-7}{4}}b \frac{\mathrm{r}_{\mathrm{p}}(\begin{array}{l}\underline{- 1}\ovalbox{\tt\small REJECT}-4\end{array})\mathrm{r}_{p}(^{\underline{7}-}4A)}{\mathrm{r}_{\mathrm{p}}(\frac{1-}{2}\mathrm{g})}3\tilde{F}_{2}$( $\frac{7-p}{12}$ $\frac{11-p}{\xi\llcorner 12+\underline{5},4}$ $\frac{15-p}{\frac{123}{2}}$ $|- \frac{27b^{2}}{4a^{3}}$) $p\equiv 7,11$ (mod 12).
(ii) $b\neq 0$
$H_{a,b}=$ $\{$
$b^{arrow 1}|-6 \frac{\Gamma_{\mathrm{p}}(\frac{1-\mathrm{P}}{3})\Gamma_{p}(\underline{1}-_{\Delta)}6}{\Gamma_{\mathrm{p}}(^{\underline{1}-_{\Delta)}}2}3\tilde{F}2$ ( $\frac{1-p}{3}$ $\frac{1-p}{\frac{121}{3}}$ $\frac{7-p}{\frac{122}{3}}$ $|- \frac{4a^{3}}{27b^{2}}$) $p\equiv 1,7$ (mod $12)$ ,
ab $\frac{\mathrm{p}-5}{6}\frac{\Gamma_{\mathrm{P}}(^{\underline{2}-A)\Gamma}3\mathrm{p}(^{\underline{5}}6B)}{\Gamma_{\mathrm{p}}(^{\underline{1}}2-A)}3\tilde{F}2$ ( $\frac{5-p}{12}$ $\frac{11-p}{\frac{122}{3}}$ $\underline{2}-A\frac{43}{3}$ $|- \frac{4a^{3}}{27b^{2}}$) $p\equiv 5,11$ (mod 12).
113
$H_{a,b}$ .
$p\equiv 5$ (mod 12), $\mathit{0})\not\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$
$3\tilde{F}2$ ( $\frac{1-p}{12}$ $\frac{5-}{\frac{3+\rho 12R}{4}}$ $\frac{9-}{1\frac{12}{2}}R|-\frac{27b^{2}}{4a^{3}})\equiv 2\tilde{F}1(\frac{1}{12}$ $\frac{5}{\frac{121}{2}}|-^{\underline{27b^{2}}}4a^{3})$ (mod $p$ ).
2 $\tilde{F}1$ ( $\frac{1}{12}$ $\frac{5}{\frac{121}{2}}$ $|-27\neg$)$4ab^{2}= \frac{(\frac{1}{12})_{i_{0}}(\frac{5}{12})_{i\mathrm{o}}}{(\frac{1}{2})_{\dot{\iota}0}i_{0!}}i_{0}\mathrm{g}_{\frac{-5}{\sum_{=0}^{12}}}(-\frac{27b^{2}}{a})^{\dot{\iota}_{0}}43^{\cdot}$
$\frac{(m)_{n}}{n!}=(-1)^{n}$ $=$ ($l,$ $m$ : )
$2\tilde{F}1$ ( $\frac{1}{12}$ $\frac{5}{1\frac{12}{2}}$ $|- \frac{27b^{2}}{4a^{3}})\equiv i\sum_{0=1}^{1}(-L_{\frac{5}{2}}^{-}1)^{i_{0}}(-\frac{27b^{2}}{4b})^{i0}3$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ .
$p\equiv a’$ (mod 12) $P(A;B, c|x)$ $:=(-i_{0}\mathrm{g}_{\frac{-a^{l}}{\sum_{=0}^{12}}}1)i0x^{i}0$







, $\Gamma_{p}$ distribution relation
$\frac{\Gamma_{p}(\frac{1}{12})\Gamma p(\frac{5}{12})}{\Gamma_{p(\frac{1}{4})^{2}}}\equiv-(-3)^{L}4-\underline{1}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ ,
. –
$P(A;B, C|X) \equiv(-1)^{BC}+i0\sum_{0=}^{p-2}\omega^{\dot{\iota}_{0}}(x)$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ .
2 $F1$ ( $\omega^{-A}$ $\omega^{-B}\omega^{-C}$ $|x)= \frac{p-1}{p}\sum_{=i_{0}0}^{p2}-\omega^{\dot{\iota}_{0}}(_{X})$ ,
.
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$|1- \frac{3^{3}4^{3}}{j})(\mathrm{m}\mathrm{o}\mathrm{d} p)$ $p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 12)$ ,
$-( \frac{a}{3})^{\frac{\mathrm{p}-1}{4}}p_{21}F(\omega^{-^{\underline{5}}B}\iota^{\frac{-1}{2}}$
$\omega^{-\frac{\mathrm{p}-1}{2}}\omega^{-\mathrm{g}_{\frac{-5}{12}}}$
$|1- \frac{3^{3}4^{3}}{j})(\mathrm{m}\mathrm{o}\mathrm{d} p)$ $p\equiv 5(\mathrm{m}\mathrm{o}\mathrm{d} 12)$ ,
$\frac{b}{2}(\frac{a}{3})^{\mathrm{s};}\frac{-7}{4}p_{2}F_{1}(\omega^{-l\llcorner^{-\underline{\tau}}}12$
$\omega^{-\frac{5\mathrm{p}-11}{12}}\omega^{-L^{-\underline{3}}}2$
$|1- \frac{3^{3}4^{3}}{\dot{J}})$ (mod $p$ ) $p\equiv 7(\mathrm{m}\mathrm{o}\mathrm{d} 12)$ ,
$\frac{b}{2}(\frac{a}{3})^{\frac{\mathrm{p}-7}{4}}p_{21}F(\omega^{-\frac{5p-7}{12}}$
$\omega^{-L}\omega^{-L_{\frac{-3}{2}}}\frac{-11}{12}$





$|. \frac{J}{J^{-3^{3}4^{3}}})(\mathrm{m}\mathrm{o}\mathrm{d} p)$ $p\equiv 1$ (mod 12),
$(-1)$ $+1_{\frac{o}{3}(\frac{b}{2})6}L^{-\underline{5}}p_{2}F_{1}(\omega^{-\frac{\mathrm{p}-5}{12}}$ $\omega^{-\frac{2(\mathrm{p}-2)}{3}}\omega^{-\frac{7\mathrm{p}-1\iota}{12}}$ $| \frac{j}{j-3^{3}4^{3}})(\mathrm{m}\mathrm{o}\mathrm{d} p)$ $p\equiv 5(\mathrm{m}\mathrm{o}\mathrm{d} 12)$ ,
$(-1)^{\mathrm{g}_{1}\mathrm{g}\llcorner} \frac{-7}{2}(\frac{b}{2})6-\underline{1}p2F_{1}(\omega^{-^{\underline{7}}s_{\iota^{\frac{-1}{2}}}}$
$\omega^{-\frac{2(p-1)}{3}}\omega^{-4}1\llcorner_{\frac{7}{2}}^{-}$
$| \frac{J}{j-3^{3}4^{3}})$ (mod $p$) $p\equiv 7(\mathrm{m}\mathrm{o}\mathrm{d} 12)$ ,
$(-1)^{\frac{\mathrm{p}-11}{12}} \frac{a}{3}(\frac{b}{2})^{L}6p2-\underline{5}F_{1}(\omega^{-\frac{\tau_{p-}\mathrm{s}}{12}}$
$\omega^{-\frac{2(\mathrm{p}-2)}{3}}\omega^{-E_{\frac{-11}{12}}}$
$|\overline{j-}3^{3}4^{\overline{3})}L(\mathrm{m}\mathrm{o}\mathrm{d} p)$ $p\equiv 11$ (mod 12).
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